We present a set of formulas to extract the longitudinal structure function from the proton structure function and its derivatives with respect to lnQ 2 in the next-to-next-to-leading order of the perturbative theory at low x based on a hard poemron exchange. The behavior of the DIS cross section ratio R(x, Q 2 ) and the ratio FL(x, Q 2 )/F2(x, Q 2 ) studied and compared with the experimental data, also these behaviors controlled by the color dipole model bound. These results show a good agreement with the DIS experimental data throughout the low values of x. These results within the next-to-next-to-leading order approximation at very low x can be applied in the LHeC region for analyses of ultra-high energy processes. * brezaei@razi.ac.ir † Electronic address:
Introduction
The reduced cross section is defined into the transverse and longitudinal structure functions, F 2 (x, Q 2 ) and F L (x, Q 2 ), by the following form
where Y + = 1 + (1 − y) 2 , y = Q 2 /xs denotes the inelasticity and s stands for the center-of-mass squared energy of incoming electrons and protons. As usual x is the Bjorken scaling parameter and Q 2 is the four momentum transfer in a deep inelastic scattering process. For fixed Q 2 , the reduced cross section rises with decreasing x. However, at high-y (very low x) a characteristic bending of the reduced cross section is observed, which it is attributed to the contribution due to the longitudinal structure function. The longitudinal structure function F L is proportional to the cross section for the interaction of the longitudinally polarized virtual photon with a proton. This observable is interest since it is directly sensitive to the gluon density. The longitudinal structure function F L (x, Q 2 ) obtaines as a consequence of the violation of Callan-Gross relation [1] and is defined as F L (x, Q 2 ) = F 2 (x, Q 2 )−2xF 1 (x, Q 2 ). Beyond the parton model the F L effects can be sizable, hence it can not be longer neglected. Also, the longitudinal structure function is predominant in cosmic neutrinohadron cross section scattering [2] . This behavior for the longitudinal structure function will be checked in high energy process such as the Large Hadron electron Collider (LHeC) project which runs to beyond a TeV in centerof-mass energy [3] . Data on F L are generally difficult to extract from reduced cross section measurements. This procedure re-quires high-precision cross section measurements at the same values of x and Q 2 but at different center-of-mass energy of the incoming beams [4] . Recently, the new data on the proton longitudinal structure function have been taken from H1 experiment at HERA. HERA collected ep collision data with the H1 detector at a electron beam energy of 27.6 GeV and proton beam energies of 920, 575 and 460 GeV, which allowed a measurement of structure functions at x values 6.5×10 −4 ≤x≤0.65 and Q 2 values 35 GeV 2 ≤Q 2 ≤800 GeV 2 [5] .
It is well known that the corresponding Wilson coefficients for the longitudinal structure functions were calculated in LO, NLO and next-to-next-to-leading order (NNLO) [6] [7] [8] . Inclusion of higher order kernels in the study of the longitudinal structure function are particular important for studying the physical processes at new colliders [3] . Authors in Refs. [9] [10] [11] [12] [13] [14] presented a set of formula to extract the longitudinal structure function F L (x, Q 2 ) from the transverse structure function F 2 and its derivative dF 2 /dlnQ 2 at low-x.
Recently, several methods have been proposed that the longitudinal structure function F L can be related to the nucleon structure function F 2 and the F 2 scaling violation at low values of x [15] [16] [17] . These approaches solve the evolution equations for Laplace and Mellin transforms of the parton densities and subsequently invert the transforms back to x-space, respectively. In Ref. [15] , an analytical relation has been derived for calculating the longitudinal structure function within the Laplace-transform method at low x values. Moreover, this method may also used to extract nonliner corrections to the longitudinal structure function from new collider data. In Refs. [16] [17] , authors report relations between the longitudinal structure function and the proton structure function based on the Mellin-transform method at leading order (LO) and next -to-leading order (NLO) analysis respectively. The obtained results are based on an analytical solution for the proton structure function in Refs. [18] [19] . They have been suggested a new parameterization of the proton structure function at asymptotic low x values. The obtained results indicate a good agreement with the deep inelastic scattering (DIS) data on the reduced cross section. In next section we describe the basic theory to extract the longitudinal structure function from the Altarelli-Martinelli equation [20] and the distribution functions by solving the DGLAP evolution equations. Then, the analytical solution of the master equation for the longitudinal structure function into the gluonic and singlet terms at LO upto NNLO is devoted respectively. Finally, an analytical analysis of our solutions are presented and the obtained results are compared with the experimental data which are followed by results and discussion.
In the present paper the behavior of the longitudinal structure function in x-space directly is investigated at LO upto NNLO analysis. We extend the method using the Regge technique. The Regge behavior of the singlet and gluon distributions is introduced by using the power law behavior as F s 2 ∼x −λs and G∼x −λg . We note that the behavior of distributions with a Q 2 independent value for exponents obeys the DGLAP equations [21] when x −λs,g ≫ 1. This behavior at low-x is well explained in terms of Regge-like ansatz [22] [23] . In this region, the Regge behavior of the singlet and gluon distribution is controlled by pomeron exchange. Let us take the power law behavior for distribution functions as
x −λg , that exponents λ s and λ g are given as the following derivatives:
Theory
The longitudinal structure function projected from the hadronic tensor can be considered with combination of the metric and the spacelike momentum transferred by the virtual photon (g µν − q µ q ν /q 2 ). It is proportional to hadronic tensor as follows
Here p µ (p ν ) is the hadron momentum and W µν is the hadronic tensor. The total cross section of a hadronic process can be written as the sum of the contributions of each parton type (quarks, antiquarks, and gluons) carrying a fraction of the hadronic total momentum. In DIS it reads
where dσ i is the cross section corresponding to the parton i and Π 0 i (y) is the probability of finding this parton in the hadron target with the momentum fraction y. Now, taking into account the kinematical constrains one gets the relation between the hadronic and the partonic structure functions
where f j (x, Q 2 ) = F j (x, Q 2 )/x and the symbol ⊗ denotes convolution according to the usual prescription,
x dy y f (y)g( x y ). Equation (5) expresses the hadronic structure functions as the convolution of the partonic structure function which are calculable in perturbation theory. In perturbative QCD, the longitudinal structure function in terms of the coefficient functions is given by [20] x −1 F L = C L,ns ⊗q ns + < e 2 > (C L,q ⊗q s + C L,g ⊗g), (6) where the non-singlet quark distribution, xq ns , become negligibly small in comparison with the singlet and gluon distribution functions, xq n and xg, at low values of x and can be ignored. < e k > is the average of the charge e k for the active quark flavors, < e k >= n −1
The perturbative expansion of the coefficient functions can be written as [7] C L,a (α s , x) = n=1 a(t) n c n L,a (x),
where n is the order in the running coupling constant. The running coupling constant in the high-loop corrections of the above equation is expressed entirely thorough the variable a(t), as a(t) = αs 4π . The explicit expression for the coefficient functions in LO upto NNLO are relegated in Appendix A. The running coupling constant α s has the following forms in NLO upto NNLO respectively [24] 
and
where β 0 = 1 3 (33 − 2n f ), β 1 = 102 − 38 3 n f and β 2 = 2857 6 − 6673 18 n f + 325 54 n 2 f . The variable t is defined as t = ln( Q 2 Λ 2 ) and Λ is the QCD cut-off parameter for each heavy quark mass threshold as we take the n f = 4 for m 2 c < µ 2 < m 2 b . The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) [21] evolution equations are fundamental tools to study the Q 2 -and x-evolutions of structure functions. The structure function reflects the momentum distributions of the partons in the nucleon. It is also important to know the gluon distribution inside a hadron at low-x because gluons are expected to be dominant in this region. Some analytical solutions of the polarized and unpolarized DGLAP evolution equations have been reported in last years [25] [26] [27] [28] with considerable phenomenological success. The DGLAP evolution equations for the singlet quark structure function and the gluon distribution are given by
where F s 2 (x, Q 2 ) and G(x, Q 2 ) are singlet and gluon distribution functions, and the splitting functions P , ij s are the LO, NLO and NNLO Altarelli-Parisi splitting kernels as
which the explicit forms of the splitting functions at LO upto NNLO are given in Appendix B. Now we consider the behavior of the longitudinal structure function with respect to the hard-pomeron behavior [22] [23] 31] by using the parametrization of F 2 (x, Q 2 ) and G(x, Q 2 ) presented in Refs. [19] and [32] respectively. This study is based on two steps: 1) In the first step of the analysis, we only present the longitudinal structure function behavior by using the gluon distribution function and its logarithmic derivative [32] .
2) Then the longitudinal structure function have been extracted at low x from the proton structure function F 2 (x, Q 2 ) and the logarithmic derivative
The next-to-leading order corrections are the standard approximations for the most important processes. The corresponding one-and two-loop splitting functions have been known for a long time. As in Refs. [7-8, 29-30,33] , the authors have been reported the complete two-and three-order coefficient functions for the longitudinal structure functions in deep inelastic scattering (DIS). The NNLO corrections need to be included, however, in order to arrive to quantitatively reliable predictions for ultra low values of x at present and future high-energy colliders. These corrections are known not only for the distribution functions but also for the longitudinal coefficient functions in deep-inelastic scattering (DIS). Now, a detailed analysis has been performed to find analytical solutions of the longitudinal structure function into the distributions and those derivatives, using the hard-pomeron behavior, at LO upto NNLO approximations.
Method
The following parameterization of the deep inelastic scattering structure function F 2 (x, Q 2 ) defined by
The singlet part of the structure function is controlled by pomeron exchange. Here the i = 0 term is hardpomeron and i = 1 is soft-pomeron exchange [21] [22] . The effective intercept behavior, at low values of x, exhibiting for the fast growth of the singlet structure function. The exponent λ s is found to be ≃ 0.33 in Refs. [34] [35] . It can be recasted into the symbolic form as
The low-x behavior of the gluon distribution function also is dominated with hard-pomeron intercept as
where λ g ≃ 0.43 [22] [23] [34] [35] . Based on the hardpomeron behavior for the distribution functions, let us put Eqs. (14) and (15) in r.h.s of Eqs. (10) and (11) . After doing the integration over z, Eqs. (10) and (11) can be rewritten as
On the other hand, the Altarelli-Martinelli equation for the longitudinal stricture function at low x values is given by the similar method as
The analytical results for the compact form of the kernels (Φ, Θ and I ) at LO upto NNLO are given in Appendix C.
Gluonic Formalism
Using the above kernels and Eqs. (16) and (18), we can calculate the F L structure function into the gluon distribution and its derivative [36] [37] . For this purpose the ratio F2(x,Q 2 )
G(x,Q 2 ) is determined by solving the DGLAP evolution equation for the gluon distribution function (i.e., Eq.(16)) and the Altarelli-Martinelli equation for the longitudinal stricture function (i.e. Eq. (18)). Therefore the F L using the gluonic terms extracte by the following form
The accuracy this relation can be checked for certain parametrization of the gluon distribution function and its derivatives.
In the following, we will present our analytical method based on the newly-proton structure function which strongly violates the Froissart boundary [38] . We used the hard-pomeron behavior for the input singlet and gluon exponents to determine the parton distribution behavior at any Q 2 values. Having the exponents and using the proton structure function (i.e., Appendix D), one can extract the longitudinal structure function as a function of x at any desired Q 2 value.
Singlet Formalism
One can rewrite Eqs. (17) and (18) with respect to the proton structure function F 2 (x, Q 2 ) and its derivative ∂F 2 (x, Q 2 )/∂lnQ 2 . Then we will have
Eqs. (25) (26) (27) (28) (29) (30) (31) (32) (33) (34) (35) (36) (37) help to estimate the proton longitudinal structure function in the leading order upto the nextto-next-to-leading order approximation, as we get
By using the leading-order splitting and coefficient functions presented in Appendixes A,B and C, the longitudi-nal structure function is given by the following form
The NLO and NNLO longitudinal structure functions are too lengthy to be include here and we present them in compact forms of Eqs. (21) . Consequently, one can obtain the longitudinal structure function from the parameterization of F 2 (i.e., Eq.(39)) at LO, NLO and NNLO approximations respectively.
Results and Discussion
In this section, we shall present our results that have been obtained for the longitudinal structure function F L (x, Q 2 ) using the hard-pomeron behavior of the distribution functions to find an analytical solution for the combined DGLAP and Altarelli-Martinelli equations. The proton structure function and its derivative are supposed to be known with respect to the paremetrizations represented in Ref. [19] . These parameterization obtained from a combined fit of the H1 and ZEUS collaborations data [41] in a range of the kinematical variables x < 0.01 and 0.15 GeV 2 < Q 2 < 3000 GeV 2 . We use the values of λ s ≃ 0.33 and λ g ≃ 0.43 within the range of Q 2 under study [34] [35] [42] [43] . The coupling constant defined via the n f = 4 definition of Λ QCD for the ZEUS data [41] and the MRST set of partons [44] . The values of Λ QCD at LO upto NNLO are displayed in Table III respectively. The predictions for the longitudinal structure function, in the kinematic range where it has been measured by H1 collaboration [5] , are computed and compared at low values of x. The results at LO upto NNLO are presented in Fig.1 and compared with the H1 data [5] . In comparison with Refs. [16] [17] , the results have been depicted at fixed value of the invariant mass W (i.e. W = 230 GeV). As can be seen in this figure, the results are comparable with the H1 data in the interval 1 GeV 2 < Q 2 < 500 GeV 2 in both NLO and NNLO analysis. At all Q 2 values the NNLO extracted longitudinal structure functions are in a good agreement with experimental data. The x-evolution results of F L structure function are depicted in Fig.2 where we have compared these results at LO, NLO and NNLO with H1 data. As can be seen in all figures, the increase of these calculations for the longitudinal structure function In what follows the ratio F L (x, Q 2 )/F 2 (x, Q 2 ) is calculated and presented in Figs.3 and 4 . Here we use directly the parametrization of F 2 from Ref. [19] in the ratio FL F2 . In these figures the ratio of the structure functions are compared with the H1 data [5] . The error bars of the ratio FL F2 are determined by the following form [45] ∆(
where ∆F L and ∆F 2 are collected from the H1 experimental data in Ref. [5] . The NNLO result obtained of the ratio FL F2 is comparable with the color dipole model bound [46] . The good agreement between this method at NNLO analysis and the experimental data indicates that these results have a bound asymptotic behavior and it is compatible with the color dipole model bound (
F2(x,Q 2 ) < 0.27). In Fig.4 we observe that the ratio at NNLO is almost independent of x-evolution. This strict bound is comparable with the color dipole bound and experimental data in x − Q 2 domain. The measurements of longitudinal structure function F L are used to determine the DIS cross section ratio R(x, Q 2 ). The value of R depends on the ratio of the longitudinal to transversal cross sections, as
which σ L and σ T are the absorption cross section of longitudinally and transversely polarized virtual photon by proton. This ratio is expected to vanish at large Q 2 and moderate x in the naive parton model, but is nonzero at low values of x. It dues to the fact that partons can carry transverse momentum [47] . In Figs. (5) and (6) we have also studied the behavior of the ratio R at low x in LO, NLO and NNLO using the calculated values of F L and known parametrized F 2 structure function. In Fig.(5) we present the ratio R in comparison with the H1 data at LO upto NNLO approximations. As can be seen in this figure, one can conclude that the NNLO results essentially improve the good agreement with data in comparison with the NLO calculations. The ratio R value determined at NNLO is comparable with those obtained in literature (of the order of 0.1 to 0.3).
As in Ref. [48] the ratio R is found at R = 0.260±0.050 which this value is constant at the region 7.10 −5 < x < 2.10 −3 and 3.5 ≤ Q 2 ≤ 45 GeV 2 . In color dipole model the ratio R lead to the bound R ≤ 0.372 [49] . In Ref. [50] ZEUS Collaboration is shown that the overall value of R from both the unconstrained and constrained fits is R = 0.105 +0.055 −0.037 in wide range of Q 2 values (5 ≤ Q 2 ≤ 110 GeV 2 ). In Fig.(6) , the ratio R is plotted against x for different values of Q 2 in comparison with the H1 data. We have analyzed the behavior of the ratio R for Q 2 values of Q 2 = 5, 15, 25 and 45 GeV 2 in the range 10 −5 < x < 10 −2 which show a good agreement with the H1 data. We observe that the ratio R is consistent with a constant behavior with respect to x for fixed values of Q 2 at NNLO approximation. To emphasize the size of the NNLO corrections, we show the ratio NNLO/NLO for the longitudinal structure function F L and the ratio R in Figs. (7) and (8) . As can be seen, these corrections are determined in the interval 1 GeV 2 < Q 2 < 5000 GeV 2 and for Q 2 = 5, 15, 25 and 45 GeV 2 respectively. In Fig.(7) the results for higher values of Q 2 (Q 2 > 300 GeV 2 ) are very similar. It is seen that the ratio NNLO/NLO for the longitudinal structure function F L and the ratio R has not a continuous increase towards large Q 2 values. In this region a depletion is observable, as the NNLO distributions are smaller in contrast with the NLO distributions. A detailed comparison for the size of the NNLO corrections at four Q 2 values has been shown in Fig.8 . It is observable that the corrections at very low values of x are larger than to the moderate x values.
Summary and Conclusion
We presented Eqs. (21) for the extraction of the longitudinal structure function F L (x, Q 2 ) at low x in the leading-order upto next-to-next-to-leading order from the F 2 (x, Q 2 ) and its lnQ 2 derivative. The longitudinal structure functions are arising from the coupled DGLAP and Altarelli-Martinelli equations by using the hard-pomeron behavior of the distribution functions. The direct extraction of F L from experimental data is a cumbersome procedure, therefore the possibility of the non-direct determination of F L provided by these equations at the NNLO approximation. This method can be used in very low x at the LHeC project. Our results at NNLO are in good agreement with the experimental data at low x values in a large interval of the momentum transfer. The obtained explicit expression for the longitudinal structure function is entirely determined by the effective exponents of the singlet and gluon distribution functions. We have also calculated the ratio F L /F 2 and the cross section ratio R which indicate a good agrement with the H1 data at the NNLO approximation. The variations of the ratio F L /F 2 and R with low values of x and fixed Q 2 value show a constant behavior similar to that of the experimental data and the color dipole model.
Consequently, the size of the NNLO corrections becomes possible to perform the high-order corrections to the ultra-high energy processes.
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Appendix A
The coefficient functions for F L have the following forms [7] as: At LO :
At NLO : 
In these equations we have used the abbreviations z 1 = 1 − z, L 0 = ln z and L 1 = ln z 1 . For the SU(N) gauge group, we have C A = N , C F = (N 2 − 1)/2N , T F = n f T R , and T R = 1/2 where C F and C A are the color Cassimir operators in QCD. Also the new charge factors are defined by the following form, f l ns 11 = 3 < e >, f l g 11 =< e > 2 / < e 2 > and f l ps 11 = f l g 11 − f l ns 11 .
Appendix B
The LO up to NNLO splitting functions for singlet and gluon distribution functions are as follows [29] [30] : At LO :
The convolution integrals which contains plus prescription, () + , can be easily calculate by
At NLO :
+2p(−z)S 2 (z)) + C F C A (14/3(1 − z) + (11/6 ln(z) + 1/2 ln(z) 2 + 67/18 − π 2 /6)p(z) −p(−z)S 2 (z)) + C F T F (−16/3 + 40/3z + (10z + 16/3z 2 + 2) ln(z) − 112/9z 2 + 40/(9z) −2(1 + z) ln(z) 2 − (10/9 + 2/3 ln(z))p(z)). 
where 
where D 0 = 1/(1 − z).
Appendix C
We present here the kernels for the quark and gluon sectors, denoted by Φ and Θ respectively at LO up to NNLO which we used in Eqs. (16) (17) .
where the splitting functions expanded into one, two and three loops correction in accordance with Eq.(12) and Appendix B. As the required leading order approxima-tion of the singlet kernels are written as:
The longitudinal kernels at low-x limit are given by
Here the longitudinal coefficient functions C L,a (x, α s ), a = q, g are the singlet and gluon functions known perturbatively upto first few orders in the running coupling constant α s and can be written as
where c L,a (x) are given in appendix A. The required leading order approximation of the longitudinal singlet and gluon coefficient functions are written as:
Appendix D
The proton structure function parameterized with a global fit function [39] to the HERA combined data for F γp 2 (x, Q 2 ) for 0.85 < Q 2 < 3000 GeV 2 and x < 0.1, which ensures that the saturated Froissart ln 2 (1/x) behavior dominates at low-x. This global fit takes the form
where
The fitted parameters are tabulated in Table I . At low x ( or large ν = ln(1/x)), the global fit becomes a quadratic polynomial in ν as
where the coefficient functions are defined in Ref. [39] . This form for F γp 2 (i.e.Eq.(38)) describes the HERA data well, but the model does not have the properties necessary for the γ * − p reduced cross section to extend smoothly to Q 2 = 0 limit. Authors in Ref. [19] provide good fits to the HERA data at low x and large Q 2 values. With respect to the Block-Halzen [40] fit, The explicit expression for the proton structure function in a range of the kinematical variables x and Q 2 , x < 0.001 and 0.15 GeV 2 < Q 2 < 3000 GeV 2 , is defined by the following form
Here M is the effective mass and µ 2 is a scale factor. The additional parameters with their statistical errors are given in Table II . 
